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S381 Block 2 Ð Star Formation and Nuclear Fusion 
 
Key factor for understanding 

  • Stellar formation 
  • Evolution of stars 
  • Nucleosynthesis 
 
Competition between:       B2,§1.2.2 
• Self-gravity which acts to make a body contract. 
• Pressure gradient which creates an outward force. 
Pressure may arise from: 
• Thermal motion of ideal gas particles (not the only source). 
• Degenerate pressure of confined wave-dominated particles. 
• Radiation pressure. 
 
The role of gravity throughout the evolution of a star: 

• Collapse of gas in star formation. 
• Contraction of protostar as it radiates gravitational energy. 
• Contraction of core when each nuclear burning phase ends. 
• Contraction of stellar core when all burning ends. 
 
Q: Which pressure dominates when? 

Thermal motion:  Main-sequence phase of stars. 

Degenerate pressure: Brown dwarfs, low-mass first-ascent  
     giants, white dwarfs, neutron stars. 

Radiation pressure  High-mass, main-sequence stars?
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Self-gravitating gas and virial theorem     B2,§1.2 
 

   Ph,Fig1.1 
 
Net acceleration of an element of mass dm in a spherically 
collapsing, self-gravitating system is 
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Consider two opposite extremes 

Free-fall  
Each particle accelerates only because of the gravity of others.  
Motion unopposed by any other interaction (collision) between the 
particles that would produce a resistive pressure.  
    i.e.  dP/dr = 0 

Hydrostatic equilibrium  
Particles interact strongly enough to generate a pressure that 
completely counteracts the gravitational contraction.  
    i.e.  d2r/dt2 = 0 
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Q: Consider a gravitationally-collapsing cloud of gas that was 
 initially cold, and which is in free fall. Do the kinetic 
 energies of the gas particles reflect their temperature? How 
 has the temperature changed since the collapse began? 
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Q: Consider a gravitationally-collapsing cloud of gas that was 
 initially cold, and which is in free fall. Do the kinetic 
 energies of the gas particles reflect their temperature? How 
 has the temperature changed since the collapse began? 
 
A: The kinetic energies of the particles do not reflect their 
 temperatures. Kinetic energy acquired from the radial 
 gravitational collapse reflect their speeds, but they are still in 
 free fall, i.e. have not interacted via collisions. That is, 
 although the particles are moving at higher speeds than 
 before, they are still cold.  
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Hydrostatic equilibrium  2
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Multiply by 4πr3 and integrate from r = 0 to r = R to get 

Virial theorem: → V
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i.e. volume-averaged pressure needed to support a self-gravitating 
mass with gravitational potential energy EGR and volume V. 
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Both equations have similar forms:  
•  Numerators contain G and product of two gravitating masses. 
•  Denominators reflect the separation of the particles.  

Pressure = rate of momentum transfer p.v
3

n
P =     Ph,Eq1.8 

(valid for classical and degenerate particles) 

For non-relativistic gas,  
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For relativistic gas,   pc
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N/V is number of particles per unit volume, i.e. number density n. 
Non-relativistic: Ph,E1.7 & Ph,E1.9   → EKE = -EGR/2    Ph,E1.11 
Relativistic:    Ph,E1.7 & Ph,E1.10 → EKE = -EGR     Ph,E1.12 
with         ETOT = EGR + EKE  
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Jeans criterion for contraction/collapse B2,§1.5 
 
A cloud is: 
• Bound and collapses  if total energy  Etot < 0 
• Unbound and expands  if total energy  Etot > 0 

Etot = EGR + EKE 
 
For a cloud of classical gas particles    Ph,Eq1.17 

EKE = (3/2)NkT   i.e. EKE ∝ T 
Etot is minimised if T is minimised 

Therefore clouds collapse (possibly into stars) if they are cold. 

Re-express the Jeans criterion for collapse: 
 Etot < 0 or  |EGR| > EKE 

in terms of mass, density or length: 

Jeans mass |EGR| > EKE   →  GM2/R > (3/2)(M/m)kT 

   M = f(TRm)  →  M > 3kTR/2Gm ≡ MJ  B2,p26 

Jeans length       R < 2GMm/3kT ≡ RJ B2,p26 
(radius that encloses the Jeans mass) 

Jeans density  ρ = M/[(4/3)πR3]  >  M/[(4/3)π(2GMm/3kT)3] 
     ρ = f(MTm)      >  (3/4πM2)(3kT/2Gm)3 ≡ ρJ 
           Ph,Eq1.19 
Note: 
(1) EGR = (-3/5)GM2/R  for a uniform-density sphere B2,Ex1 
 but stars are more centrally condensed   B2,Fig.7 
 so EGR ≈ (-1)GM2/R as used above. 
(2) At TISM ∼ 20K  most hydrogen is molecular (H2) 
 so mean molecular weight µ ≈ 2mp.
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Temperature density diagram    B2,§2.1 
 
Jeans density   ρJ ≡ (3/4πM2)(3kT/2Gm)3 
gives relation between T and ρJ for a given Jeans mass: 
      T ∝ ρJ

1/3    B2,§2.1.1 
For log10 T  vs log10 ρ plane, points corresponding to a given 
Jeans mass lie along a line of slope 1/3: 

 
B2 Fig 11. Division of the temperature–density diagram into regions in 
which net cooling (upper zone) and net heating (lower zone) occur. The 
Jeans line for a 100 MSun cloud is shown for reference. 
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Adiabatic processes       B2,§2.1.2 

No heat flow by any means (e.g. radiation, conduction) between  
a system and its environment. 
  PVγ = constant  and   P ∝ ργ   B2,Eq.4,5 
where  γ = (2+s)/s   and s = # of degrees of freedom 
Follows that    T ∝ ργ-1     B2,Q6 
For  s = 3    →    γ = 5/3 → T ∝ ρ2/3  adiabat steeper than 1/3 
     → reach equilibrium on Jeans line 
For UR particles γ = 4/3 →  T ∝ ρ1/3  adiabat parallel to 1/3  
     → no equilibrium possible 
Adiabatic processes involving classical, non-relativistic particles 
expand or contract to achieve equilibrium on the Jeans line. 
Evolution then ceases. 

Stella evolution requires non-adiabatic processes:  B2,§2.1.3 
• Radiation exchange with environment. 
• Cooling of the gas. 
• Achieved with molecular clouds. 

In reality hot/warm gas is optically thin initially: 
• Under adiabatic conditions it would expand. 
• But cooling timescale is much shorter than dynamic timescale. 
• Protostellar cloud cools without expanding (or contracting). 

T decreases →  MJ decreases → eventually Mstar > MJ 

Once Mstar > MJ tendency is to collapse rather than expand. 

When heating from environment balances cooling (T ≈ 20 K),  
protostellar cloud collapses almost isothermally. 

Viewed in the temperature-density diagram, star moves to right. 
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Fragmentation:       B2,§2.1.4 
 
During cooling  T decreases → MJ decreases  
and during collapse  R decreases → MJ decreases 
 
Smaller regions of the cloud satisfy the condition Mstar > MJ. 
 
In the temperature-density diagram, the star crosses the slope 1/3 
Jeans lines for successively lower masses as it cools and contracts.  
 
This produces smaller, independently collapsing, fragments of the 
initial protostellar cloud.  
 
Transition to being optically-thick  
 
At increasing density, collapsing protostellar gas becomes 
optically thick and radiation is no longer able to escape. 
 
• During collapse, gravitational potential energy is liberated 

and radiated away. 
• Transition to being optically thick prevents further cooling 

and the temperature begins to rise. 
 
In the temperature-density diagram, the star begins an adiabatic-
like phase of evolution with slope 2/3 as it contracts and heats up.  
 
Fragmentation stops, liberation of gravitational potential energy 
drives up the temperature, and the protostar begins its life. 
 
The optically-thick phase of evolution is termed the Kelvin-
Helmholtz phase. 
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The protostar        B2,§2.1.5 
 
Gravitational potential energy liberated in collapse heats protostar. 
 
The gas is initially H2 
• Energy goes into dissociating molecular hydrogen. 
• Later some goes into ionizing atomic hydrogen. 

Once this is accomplished, the material becomes even more 
opaque and the temperature can rise further.  
The body can then approach hydrostatic equilibrium, which 
eventually brings the free-fall collapse phase to an end. 
 
Q: Does the attainment of hydrostatic equilibrium stop the  
 the collapse? 
A: No, energy is being radiated from the surface and hence  
 ETOT is decreasing. But the collapse is slowed:  

• From a dynamical, free-fall timescale. 
• To a thermal, Kelvin-Helmholtz timescale. 

 
Protostellar cloud collapses from initial density ρi ~ 10-16 kg m-3 
For 1 MSun star  τff = 105 yr 
contracts from  Ri  = 1015 m  (7,000 AU) 
  to   Rp = 1011 m  (0.7 AU ~ 150 RSun) 
and warms up to      TI = 30,000 K 
 
The optically-thick evolution is the Kelvin-Helmholtz phase. 

Two phases of evolution during Kelvin-Helmholtz phase: 
• Hayashi phase  star fully convective  B2,§2.2.1 
• Henyey phase  star approaching radiative  B2,§2.2.2 

    (non-convective) conditions 
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Hayashi phase of protostellar evolution B2,§2.2.1 
 
Hayashi found that for a very cool star: 
• No stable state of hydrostatic equilibrium is achievable. 
• Instead a very cool star becomes fully convective. 

 
Key physics related to convection: 
• Opacity 
• Adiabatic temperature gradient 
• Radiative temperature gradient 

 
Opacity  
 κ  =  absorption cross-section per unit mass  (m2 kg-1)  
Material is opaque due to: 
• Bound-free atomic transitions 
• Bound-bound atomic transitions 
• Free-free atomic transitions 
• Scattering by free electrons (Thomson scattering) 

 
Two common approximations: 
• For low T and high ρ,  κ ∝ ρT-3.5  Kramers opacity 
• For high T and low ρ, κ = const  electron scattering 

 
As Kramers opacity dominates in the envelopes of cool stars, 
• Gas in cool stars has high opacity 
• So has steep radiative temperature gradients. 

 
If opacity is high, photons can’t reach and warm the layers above.
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Steep radiative temperature gradients 
Convective (in)stability and temperature gradients 

Gas is unstable to convection if, when displaced,  
adiabatic cooling is less than radiative cooling in the vicinity. 

• The environment of a cell of gas is determined by the 
radiative temperature gradient. 

• The behaviour of a cell of gas is determined by adiabatic 
conditions. 

If the radiative temperature gradient is very steep, (steeper than the 
adiabatic temperature gradient), a cell of gas displaced outwards will: 
• Have a higher temperature than its new surroundings. 
• Have a lower density than its new surroundings. 
• Continue to rise.  

i.e. the gas is convectively unstable. 

 
B2 Fig. 15. Convective instability. A cell of material is displaced upwards in a star, and expands 
because of the decreasing pressure. If the opacity is low (case A), its new environment is at a 
similar temperature because it has been warmed by the photons, but if the opacity is high, the new 
environment is cooler and the displaced cell keeps rising. In case B, convection sets in. 
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 Q: What happens if the radiative temperature gradient is 
  steeper than the adiabatic temperature gradient, 
  and a cell of gas is displaced inwards? 

  
 
 
 
 
 
 
 
 
 
 Q: What happens if the radiative temperature gradient is 
  shallower than the adiabatic temperature gradient, 
  and a cell of gas is displaced outwards? 
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 Q: What happens if the radiative temperature gradient is 
  steeper than the adiabatic temperature gradient, 
  and a cell of gas is displaced inwards? 

 A: If the radiative temperature gradient is again steeper  
  than the adiabatic temperature gradient,  
  then a cell of gas displaced inwards will have:  
  a lower temperature than its new surroundings, 
  a higher density than its new surroundings, 
  so will continue to sink.  
  i.e. the gas is convectively unstable 
 
 
 
 Q: What happens if the radiative temperature gradient is 
  shallower than the adiabatic temperature gradient, 
  and a cell of gas is displaced outwards? 

 A: If the adiabatic temperature gradient is steeper than  
  the radiative temperature gradient,  
  then a cell of gas displaced outwards will have:  
  a lower temperature than its new surroundings, 
   a higher density than its new surroundings, 
  so will tend to sink back down.  
  i.e. the gas is convectively stable 
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Henyey phase of protostellar evolution B2,§2.2.2 
Path in HR diagram  
 from convective Hayashi phase  
  to the onset of core hydrogen burning. 

Observations of protostars      B2,§2.3 
IR & sub-mm radiation penetrate dust around young stars 
X-rays from hot coronae of young, active stars. 

Young stellar objects (YSOs)     B2,F21-24 
Bipolar outflows ~50 km s-1 along axis     
T Tauri stars  106-107 yr old protostars   B2,F22 
    descending 0.2–2 MSun Hayashi tracks.  
    IR excess indicative of dust shells. 
    Stellar winds ~100 km s-1 losing up to 0.5 MSun. 
Vega-excess stars IR excess from circumstellar disc around 
    young main-sequence stars. 
Proplyds   Protoplanetary discs, circumstellar disc or  

   torus, formed in late stages of cloud   
   collapse, e.g. β Pic, Orion nebula. 

 

 
 

 

 

 

 

 

B2 Fig. 22. Pre-main-sequence evolutionary 
tracks (Hayashi tracks) for 0.1–3 MSun stars, and 
locations of known T Tauri stars. Evolutionary 
times are also shown. The locations of the T 
Tauri stars are consistent with ages of ! 106 yr.



Hydrogen ignition in core     B2,§2.5 

Ignition temperature depends on density (and hence mass) of star. 
    TH-ign ~ 2×106-107 K. 

Misconceptions on the role of fusion 

 Truth: Fusion is the slave to gravity 
• Protostars heat-up because of the release of gravitational 

potential energy, not because of nuclear fusion. 
• Onset of fusion delays the gravitational collapse of a star and 

hence delays further heating of the core. 
• Luminosity higher before onset of fusion. 

Pre-main-sequence evolution of the Sun 

 
B2 Fig. 16(a). H–R diagram with pre-main-sequence (Hayashi) track for the Sun. Red dots indicate 
elapsed times of 103, 104, 105, 106, 107, 108 and 109 yr (data provided by D. A. VandenBerg).
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Timescales 
 
Free-fall time ! ff 

Time taken for a body to collapse gravitationally  
 to zero radius  
  in the absence of pressure support 

  τff = r
r

d
10

0
!

v
 = (3π/32Gρ)1/2    Ph,Eq1.4 

 
Kelvin-Helmholtz time ! KH  

Time taken for body to collapse gravitationally  
 to its current radius  
  in hydrostatic equilibrium,  
   radiating liberated gravitational potential energy  
    at its current luminosity  
     (and ignoring constants ~1) 
   τ = -ΔEGR/L ≈ GM2/RL ≡ τKH   B2,§2.4 
Also called thermal time  τth      B3,p41 
timescale for expansion of a red giant in Case B mass transfer. 
Corresponds to pre-main-sequence lifetime τpre-ms of a protostar. 
 
Nuclear timescale ! nuc   

Time for a star to exhaust its nuclear fuel. 
For main sequence stars, this is the H-burning or main-sequence 
lifetime approximated as  
   τms ∝ M/L ≈ 1010 yr × (M/MSun)

-2.5  
adopting main-sequence mass-luminosity relation L ∝ M3-4 ~ M-3.5  
 
For Sun,  τff ~ 1×105 yr   τKH ~ 3×107 yr  τms ~ 1010 yr 
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Q: What is the age of the oldest known stars in the universe? 
 
 
 
 
Q: What fraction of brown dwarfs that ever lived are still 
 shining? 
 
 
 
 
 
 
Q: Physically, why do they last so long whereas more massive 
 stars have been dying off? 
 
 
 
 
 
Q: Are brown dwarfs contracting or not? 
 
 
 
 
 
Q: Why doesn’t a brown dwarf ignite hydrogen? 
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Q: What is the age of the oldest known stars in the universe? 
 
A: 12–15 × 109 yr, for globular cluster and Pop II field stars. 
 
 
Q: What fraction of brown dwarfs that ever lived are still 
 shining? 
 
A: Probably 100%; even Pop II brown dwarfs could live for the 
 age of the Galaxy. 
 
 
Q: Physically, why do they last so long whereas more massive 
 stars have been dying off? 
 
A: Their luminosities are so low, they radiate away the 
 gravitational potential energy at a very low rate. 
 
 
Q: Are brown dwarfs contracting or not? 
 
A: Yes; the radiant energy comes from liberated gravitational 
 potential energy. 
 
 
Q: Why doesn’t a brown dwarf ignite hydrogen? 
 
A: Electron degeneracy; this stops the temperature from 
 increasing and reaching the hydrogen-burning threshold. 
 


