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S381 Block 2 — Stellar Evolution

Main sequence B2,§4
¥  Reached when core conditions allow hydrogen burning.

¥  Stabile period during which there is balance between
gravitational collapse and pressure support.

¥  Pressure support mostly from:
— thermal gas pressure
— radiation pressure (in massive stars)

Both types require an energy source to maintain them.

Main sequence stellar structure B2,§4.1
¥  Mean density 1" #= M/(4/3)$R’
¥  Volume-averaged pressure IP#= (—1/3)(Egr/V)

(using the virial theorem)

¥  Typical internal temperature T; by equating:

the volume-averaged pressure Ph,Eq.1.29
with pressure for ideal gas Ph,Eq.1.30
T, = GMmM3kR Ph,Eq.1.31
Note T, %M/R and M = (4/3)$R"

but density " roughly the same for all main-sequence stars, so
Ti %M/M'” %M*?

i.e. T; higher for more-massive stars.

Nuclear burning process also depend strongly on temperature;
this drives a steep mass-luminosity relation.
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Upper limits on stellar masses

Upper limit: M & 50 Mg,,,?
¥ Stars with M > 50 Mg, are rare.
¥ Expect radiation pressure to dominate above this mass.

¥ Unstable and progressively blown apart, e.g. eta Carinae.

Analysis assuming homology B2,§2.2.2,§5.3.2

Homology assumption:

As a star evolves, during some phases we may assume that
its structure changes by the same factor at all radii,

e.g. if the core temperature changes by a factor A, then so
does the temperature throughout the star.

Can also assume that stars of different mass, but at similar
phases of evolution, also differ from one another according
to homologous scaling principles.

Such simplifications are not always reliable, but in some cases
they give valuable insights to the physics driving stellar evolution.

Examples of scaling relations:

Density " %R via total mass of body

Pressure P% R’ via hydrostatic equilibrium
Temperature T %R’ via ideal gas law

Opacity 'R via Kramers opacity
Luminosity L %R%® via radiative diffusion equation
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Nuclear reactions on the main sequence B2,§4.2
Hydrogen ignites at Tc =~ 2 x 10°— 10’ K

The main path (Branch I) of the proton-proton chain:

p—i—p—>d-|—e+-|—ve X D
p—l—d—>3He+ypd X D
He + *He — “He + 2p

Positron rapidly annihilates with electron giving 2 gamma rays:
e +te ( 2). )

Crucial step in p+ p — d + €' + v, reaction is inverse beta-decay:
+
p—nte +v
This is bottleneck in the pp chain.

Protons in solar centre have lifetime of &6 * 10’ yr.

Hydrogen burning to helium, via two main reaction networks:

¥  proton-proton (pp) chain Ph,F4 .4
ppl in Sun
ppll and pplII in hotter cores

¥ CNOcycle

same overall effect as pp chain, but relies on
carbon, nitrogen and oxygen nuclei as catalysts

Both reaction networks have the same net effect:
4 H+2¢ = He+2v, +2y 4 +4y,

Neither reaction network produces more heavy elements.
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The mass defect of pp chain branches I, 11, I11

Amount of nuclear energy liberated in fusion reactions depends on
mass defect, +m, difference in masses of reactants and products.

E=+mc
Branch |
6p +2d + 2°He — 2d + 2€" + 2 Ve(pp) + 2°He + 2yp0) + *He + 2p
Terms can be cancelled and the annihilations included to give:
2¢ +4p — 2 Vegp) + HYee) T 2Y(pa) + “He
+m = 2M(e") + 4M(p) - M(*He) [Eq. 1.I]

Branch Il
4p+d+°He+ *He+e + 'Be+ 'Li —

d +e” + Vep) + "He + ypa) + 'Be + y34 + 'Li + ve(ene) +2°He
Terms can be cancelled and the annihilation included to give:

2¢"+ 4P — Vepp) T 2V(ee) T Vipa) T V34 T Ve(ene) T He
+my = 2M(e) + 4M(p) - M(*He) [Eq. 1.1I]

Branch Il

4p +d +°He + *He + 'Be + °B + "Be* — d+ €' + ve(p) + "He
T Y (pd) T 7Be + V34 + 8B + Y (pBe) + SBe* + e+ +Ve(B) +24He

Terms can be cancelled and the annihilations included to give:

- 4
2 t4p = Vepp) T 4Yee) T Yooy T V34 T YpBe) T Ves) + He

+my = 2M(e) + 4M(p) - M(*He) [Eq. 1.11I]

Mass defect identical for all three branches!

Expected, since the same net reaction 1s happening in each case.
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Mass defect of pp chain branches continued

AM(pp) =2M(e) + 4M(p) - M(*He)
=2M(e") + 4[m(H) - M(e)] - [M(*He) - 2M(e")]
= 4m(H) - m(*He)
= 4x1.007825 amu - 4.00260 amu
=0.02870 amu = 47.67x107" kg
=42.85x10"° J=26.75 MeV

Liberated energy exists as:
Kinetic energy of massive particles Thermal
Kinetic energy of neutrinos Escapes
Photon energy of gamma rays Radiation thermalised

Gamma rays absorbed over a short mean-free path, so their
energy quickly added to the thermal energy of the star.

Neutrinos escape the star, and carry off some of the energy.

Mass defect between different branches is the same ...
... but what differs between branches is the mixture of:
massless gamma-rays and
. massless neutrinos

Because neutrinos are massless they:
« don’t affect the mass defect
«  but they do affect the energetics, because
neutrinos carry off some of the kinetic energy.

Calculate neutrino energies via mass-defect calculations (not shown
here) for the relevant weak reactions:

p T p— d+ e+ + Ve(pp) [Eq 21]
e+ 'Be — 'Li+ Ve(eBe) [Eq. 2.11]
"B — *Be* + e +vp, [Eq. 2.111]
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Ve(pp) up to 0.42 MeV  peak ~0.3 MeV av. 0.26 MeV
Ve(eBe) mono-energetic 0.861 MeV
Ve) range up to 15 MeV peak =7 MeV 7 MeV?
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Figure: Predicted spectrum of solar neutrinos.

Net contribution to thermal content of Sun

pp-I loses two Ve

so yields 26.75 -2 x 0.26 =26.23 MeV
pp-1I loses one veqyp) and one veege)
so yields 26.75-0.26 — 0.86 =25.63 MeV
pp-11I loses one vy and one v,
so yields 26.75-0.26 - 77 =19.5 MeV
For the Sun

PP I occurs 85% of the time

PP II 15% of the time

PP II1 0.02%

cf. Phillips F4.4
26.2 MeV

25.2 MeV

19.1 MeV

The average energy released per proton-proton fusion is 15 MeV
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CNO cycle B2,84.5
Second main hydrogen-burning process B2,F29

CN-cycle operates first

ON cycle comes into play at higher temperatures

Initially, not all steps of the reaction proceed at the same rate, and
the cycle converts °C to "°C and "*N.

When the CN cycle reaches equilibrium, the abundances of the
isotopes cease to change,

and the rates of all reactions in the cycle will then be equal.

The equilibrium isotope ratios can readily be found from the
fusion rate equation (for dissimilarparticles) Ph,E4.27

2/3 ! *1/3

nAnB S(E )_ EG x 0 7 —G " 13 11
)——=( exp% 3+——=( m’s

R =648. 10" —22
AZ,Zs 7, 4KT) g . 4KT) 3

Recalling that Nna="aMy and "Aa="Xa
that 1s Na =" Xa/Ma B2,§451,EX5

(Usually calculate fusion rate per unit mass fraction, Ryg/Xg.)

Two observable equilibrium isotopes ratios by number:
12c/13C ’ 3
“N/*C, 200
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Temperature-dependence of hydrogen burning
B2,§4.6

Rates of both reaction networks dependent on temperature
Generally R%T where - = (Eg/4kT)"*-2/3 B2,Eq20

Energy generation rate ., = +mMC X Rag % T

CNO cycle involves higher Coulomb barriers and hence a higher
Gamow energy than the p-p chain

The temperature sensitivity of energy generation rate . %T- much
higher for the CNOcycle -, 16-20 Reno % TV
than for the p-p chain -, 4. R, %T

(rates per unit volume)

Reno > Ryp for To> 1.7 % 10" K, which corresponds to &1.5 Mgy,
since T, increases with mass.

l | | |
o
I
Al
.-"'I-""'I
5 B . . -'.. n
5 Sirius A
= S'Jﬂ.f’f;”"
ol Mo :
.-'"':‘5':;'
-".--..
~“L ! ! ]
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log, 5 T,

B2 Fig. 30. Stellar energy generation rate &,,. as a function of core temperature, for
the proton-proton chain and the CNO cycle. Three stars are shown: a cool M0 dwarf,
the Sun (a G2 dwarf), and Sirius A (an A0 dwarf).

The p-p chain predominates in stars with M < 1.5 Mgy,
(CNO cycle accounts for only 1.6% of solar energy production),
whereas the CNO cycle predominates in stars with M > 1.5 Mgy,.

As H burns to He, the mean molecular weight of the core
increases, and as a result of structural adjustments, the temperature
increases. This increases the importance of the CNO cycle even in
stars initially dominated by the pp chain.
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Density of degenerate quantum states:
confined quantum particles

A particle confined to a cubic volume having sides of length L can
be represented by a number of standing waves of wavelength / ,
where there are n, half wavelengths (ny being positive integer)

[ «=2L/n,
Particle’s wavefunctionis  sin (28x/ ) or sin kX
i.e. wavenumber is k=2%//,=nS$/L Ph,E2.1

The momentum of each wave-particle is p=h/ =hk?2$,

1.e. governed by wavenumbers, not velocities/temperatures.

Later, need to know theumber of stateavailable in each
wavenumber interval, so work that out here:

dk/dn=3%/L, so dn=(L/$)dk,,

1.e. if K, is increased from Kk, to ks +dk,, then there are
dn, = (L/$)dk, states in that wavenumber interval.

In 3D wavenumber space, the wavenumber interval from K to k+dk

is a spherical shell of volume 4$k*dk/8;
(divide by 8 as only positive values of ky, k; and k; are relevant)

Number of states in this volume is dN = (L/$)°4$k°dk/8. Ph,Eq2.2

The momentum of each wave-particle is p="h/ =hk?2$,
so  dp=h2%dk.

Hence the number of states having momentum between p and

prdpis dN = (L/$)°4$(2$p/h)?(2$ dp /h)/8 = (V/h*)4$p? dp
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This 1s for spinless particles.

If particles have gs spin values, 1.e. gs polarizations,
then number of unique quantum states is gs times that.

1.e. number of distinct quantum states having momentum between
p and p+dp, in a volume V, is dN = g4(V/h*)4$p°dp.  Ph,E2.3

Therefore
PF PF PF

N = "dN = "gs -4/ 2dp gs V 45" 2dp 3 gs h3 -4/ pF?
0 0 0

Integrate from 0 only to pg, instead of O, because in a cold
degenerate gas the occupation numbers of levels below the Fermi

energy is one, and the occupation numbers of energy levels above
the Fermi energy is zero.

_<3 N }3
So, Pr = G, v h
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Equation of state:
pressure as a function of temperature and density

P=(n/3)p.v# classical and degenerate Ph,E1.8

For non-relativistic particles, !p.v#=p°*#m

S0 Pxr = (N/3m)! p*#

1.e. pressure depends on particle number density and momentum

For classical gas, momentum is determined by thermal velocities;
for degenerate particles, momentum determined by wavenumbers.

(1) Classical non-relativistic gas

For a classical gas, |p*#= nrIv#
For a Maxwell-Boltzmann distribution of thermal speeds,

RMS speed is W#"” = (3kT/m)"
giving |p*#= N7 (3KT/m)
and hence P = (n/3m) n¥(3KT/m) = nkT

1.e. classical ideal gas law.

(2) Degenerate non-relativistic gas
Pr PF PF

<p2> - JIV "pdN = 1{/ S h? 4 pidp = Ngs h? 4! M ptdp = 5N SN 8s 3 4! pi.
0 0 0

(Integrate only from 0 to pg, because in a cold degenerate gas,
occupation numbers of levels above the Fermi energy is zero.)

/3
Since N =38,.54/ P? and Pr = (g ) h,

— 1P (/5P %nJBhZ

_ h2 )2/3 5/3
Therefore Pyr = (n/3m)! pz#becomes

the degenerate ideal gas law for non-relativistic gas.

1.e. pressure of degenerate gas does not depend on temperature
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Particle Kinetic energy and temperature

Particle energy is . > = (MC)* + (pc)°
which we can write as . > = (MC)*(1+(pc)*/(MCc)?)

so . =(MS)(1+(po)*/(mc)H)'? (1a)

For non-relativistic conditions, pc<< mc, so do Taylor expansion
— . =mc+p72m.
= rest energy per particle + kinetic energy per particle . kg,

1.€. .KE — p2/2m

Classical: |p*#=3kTm
SO . kg % T( )

3 (3 I3 2
Degenerate: |p’#= 5 % nE)a h

SO . Kt g%"e) h% pm % n? (notT).
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Onset of degeneracy B2,§6.4

Three equivalent expressions for onset of degeneracy:
Electron degeneracy sets in when

«  Electron separation becomes comparable with its de Broglie
wavelength.

«  Number density of particles, n, exceeds a value called the
quantum concentration, Ng, which gives the number of
quantum states available to particles whose velocities
conform to a Maxwell-Boltzmann (MB) distribution.

Nonr = (2$MKTh?)*? Ph,Eq2.22

*  The temperature of the particles is much less than the value
h*n*?/2$mk Such a gas is sometimes called cold.

S381 Block 2 Stellar Evolution
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Roles of degenerate matter in stellar evolution

(1) Sets minimum mass of stars. B2,84.7,Q21; Ph,p17-19
Stellar core becomes degenerate at
Taeg Y0M™” Ph,Eq1.28

but for M <Mm, Tgeg < Tignpp S0 H-burning fails.

i.e. Hydrogen fails to ignite because electron degeneracy
sets in before temperature for H ignition is achieved.

I\/Ilim ~0.08 MSun

Lower-mass objects exist, but they are not stars; they fail to
ignite hydrogen and are called brown dwarfs.

There is no nuclear energy generation, so they just cool and
fade into oblivion, but over very long timescales, because
their luminosities are low!

(2) Determines conditions at He ignition. B2,§6.5

Determines whether He core of a giant is classical or
degenerate when T reaches 10° K for He ignition at top
of giant branch.

For M < 2.5 Mg, core is degenerate
2 /13 5/3

3 : :
— so IR =73, % Ne 1.e. P independent of T
— Increase in T fails to activate pressure valve.

—  Thermonuclear runaway.
— He flash.

For M > 2.5 Mg,, core 1s classical
— 50 Py = KT i.e. Pdependenton T
— Increase in T activates pressure valve.
— He ignition in hydrostatic equilibrium.
— No He flash.
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(3) Sets upper limit on mass of a white dwarf B2,§7.2

As M increases, require higher central pressure for support;

I:)NR

_n (3 )/3 5/3 , _
_S_m% Ne i.e. P %n," so need higher ne

As the number density of electrons increases:

— Fermi energy (lowest available energy state) increases
Er ~ p=/2m= (3n./8$)?°h%2m  i.e. energy %n,”"
—  Degenerate electrons attain ultra-relativistic energies,
—  Equation of state (relation between P and ng) changes,
_hec3Y3,4/3 .
Ror =5 %) N~ ie P%n.""
— Degenerate electrons unable to provide further support.
—  Density required to support the star becomes infinite
either:
Type Ia supernova (SN) destroys star.
or
Core collapses until degenerate-neutron pressure
supports star.

(4) Allows free neutrons in neutron star. B2,§8.3.1
Pauli-exclusion principle allows no quantum states for
electrons:

— Blocks neutron decay via n—p+e +Ve
—  Prevents free neutrons from decaying.

(5) Sets upper limit on mass of neutron star B2,§8.3.2

—  Density required to support the star becomes infinite

S381 Block 2

but can’t calculate limit so easily as for white dwarf
because of:

. Neutron interactions.

«  Importance of general relativistic gravitation,
which depends on pressure.

Stellar Evolution
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Main-sequence lifetimes B2,§5.1
Main-sequence lifetime t,,; = mass of fuel/rate of burning % M/L

Use models and observations to see how L depends on M.
Observed mass-luminosity relation gives:

L %M3.0 for M >3 Mg,

L %M3.5 for M <3 Mgy,
For L %M’>?° —  t, %M

This behaviour of t,,; with M i1s calibrated by detailed modelling:
tms (1 Msun) = 10" yr

Typical examples: S281,B1,T3.1
Star mass | Mass/Mg,, | MS lifetime/yr | Comment
Very-high |25 6* 10° A few million years
Sun 1 10" Ten billion years
Low 0.5 2* 10" Longer than current

age of Universe

Main-sequence lifetimes used to assign ages to stellar populations:

¥ Young star clusters have large numbers of massive stars lying
on the hot (blue), luminous portion of the main sequence.

¥ Older clusters have a main sequence that terminates at lower
luminosity at the main-sequence turnoff and also have a well-
developed giant branch.

¥ Use observations of mass of main-sequence turnoff stars to
indicate ages of globular clusters.

¥ Derive ages of 14 Gyr for oldest stars in Galaxy.
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End of the main-sequence phase B2,§5.4,5.5

Once ~10% of H 1s converted to He, H burning in the core ceases.

Because of the high temperature at the edge of the He core, a H-
burning shell ignites on the edge of the He core. The CNO cycle
dominates at this high T, and hence throughout H-shell burning,
even in low mass stars.

While the He core contracts, the envelope expands and drives the
star at roughly constant luminosity to the right across the HR
diagram, along the subgiant branch through the Hertzsprung gap.

As the envelope cools, the star again approaches the Hayashi
boundary and attains conditions of convective instability.

The deepening convective zone may reach down to depths where
CNO cycling of "“C into "°C and "*N has occurred. This event,
called first dredge up, enriches the surface layers with the
nucleosynthetic products of the CNO cycle, and possibly also the
NeNa and MgAl cycles.

The core mass increases due to the addition of the He ashes from
the H-burning shell, and the luminosity increases in concert.

S381 Block 2 Stellar Evolution
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Q: What is the expected lifetime of a 0.08 Mg,, brown dwarf?

Q: What is the age of the oldest known stars in the universe?

Q: What fraction of brown dwarfs that ever lived are still
shining?

Q: Physically, why do they last so long whereas more massive

stars have been dying off?

Q: Are brown dwarfs contracting or not?
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What is the expected lifetime of a 0.08 Mg, brown dwarf?
A: wn =GM/RL
~3x10" yr x (M/Mgy)* B2,p53
=3x10" yr x 429
= 13x10% yr.
What is the age of the oldest known stars in the universe?
A:  12-15%10° yr, for globular cluster and Pop II field stars.
Q: What fraction of brown dwarfs that ever lived are still
shining?

A: Probably 100%; even Pop II brown dwarfs could live for the
age of the Galaxy.

Q: Physically, why do they last so long whereas more massive
stars have been dying off?

A: Their luminosities are so low, they radiate away the
gravitational potential energy at a very low rate.
Q: Are brown dwarfs contracting or not?

A: Yes; the radiant energy comes from liberated gravitational
potential energy.
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